Based on the concept of a C * -algebra-valued b-metric space, this paper establishes some coupled fixed point theorems for mapping satisfying different contractive conditions on such space. As applications, we obtain the existence and uniqueness of a solution for an integral equation.
Introduction and preliminaries
In , Bakhtin Motivated by the work in [, , -], in this paper, we will establish coupled fixed point theorems in C * -algebra-valued b-metric space. More precisely, we will prove some coupled fixed point theorems for the mapping with different contractive conditions on such spaces. For convenience, we now recall some basic definitions, notations, and results of C * -algebra. The details of C * -algebras can be found in [] .
Let A be an algebra. An involution on A is a conjugate linear map a → a * such that (a * ) * = a and (ab)
The pair (A, * ) is called a * -algebra. If A contains the identity element  A , then (A, * ) is called a unital * -algebra. A * -algebra A together with a complete submultiplicative norm such that a * = a is said to be a Banach * -algebra.
Moreover, if for all a ∈ A, we have a * a = a  in a Banach * -algebra, then A is known as a C * -algebra. An element a of a C * -algebra A is positive if a = a * and its spectrum σ (a) ⊂ R + , where σ (a) = {λ ∈ R : λ A -a is not invertible}. Each positive element a of C * -algebra A has a unique positive square root. The set of all positive elements will be denoted by A + . There is a natural partial ordering on the elements of A given by
If a ∈ A + , then we write a  A , where  A is the zero element of A. In the following, we always assume that A is a unital C * -algebra with identity element  A .
Let A = {a ∈ A : ab = ba, ∀b ∈ A}, and A + = A + ∩ A . From [, ], we now give the definition of C * -algebra-valued b-metric as follows.
Definition . Let A be a C * -algebra, and X be a nonempty set. Let b ∈ A + be such that
the following conditions hold for all x, y, z ∈ A:
, we know that a C * -algebra-valued metric space is C * -algebra-valued b-metric space, but the converse is not true.
Definition . Let (X, A, d b ) be a C * -algebra-valued b-metric space, x ∈ X, and {x n } a sequence in X. Then: . {x n } converges to x with respect to A whenever for any ε >  there is an N ∈ N such that d b (x n , x) < ε for all n > N . We denote this by lim n→∞ x n = x or x n → x. . {x n } is a Cauchy sequence with respect to A if for each ε > , there is an
is complete if every Cauchy sequence in X is convergent with respect to A.
Lemma . [, ]
Assume that A is a unital C * -algebra with a unit  A .
Lemma . []
The sum of two positive elements in a C * -algebra is a positive element.
Remark . From Lemmas .() and ., we know that the condition b ∈ A + in Definition . is necessary, in this case, we see that
X × X is said to be a coupled fixed point of the mapping T :
Main results
In this section, we will prove some coupled fixed point theorems for mappings with contractive conditions in the setting of C * -algebra-valued b-metric space.
Assume that the mapping T : X × X → X satisfies the following condition:
where a ∈ A with  a  b < . Then T has a unique coupled fixed point in X. Moreover,
T has a unique fixed point in X.
Proof Let x  , y  ∈ X. Define two sequences {x n } and {y n } in X by the iterative scheme as
By using the condition (.), for n ∈ N, we obtain
Similarly, we get
By (.), (.), and (.), we have
Thus, from (.) and Lemma .(), we have
If M  =  A , then from Definition . we easily know that (x  , y  ) is a coupled fixed point of the mapping T. Now, let  A M  . Let n, m ∈ N with m > n, by using Definition ., it follows that
Similarly, we have
Hence,
by the condition  a  b <  and b ≥ . Hence {x n } and {y n } are Cauchy sequences in X. By the completeness of (X, A, d), there exist x * , y * ∈ X such that x n → x * and y n → y * as n → ∞. We now show that T(x * , y * ) = x * and T(y * , x * ) = y * . From Definition . and (.), we get
If there exists another coupled fixed point (u, v) of T, then
which implies that
Thus, we have
which is a contradiction. Thus, (u, v) = (x * , y * ), that is, the coupled fixed point is unique.
Finally, we will prove that T has a unique fixed point. Since
we have
It follows from the condition  a 
where a  , a  ∈ A + with a  + a  b  < . Then T has a unique coupled fixed point in X.
Moreover, T has a unique fixed point in X.
Proof From a  , a  ∈ A + and Lemma ., we see that
is a positive element. Choose x  , y  ∈ X. Set x n+ = T(x n , y n ) and y n+ = T(y n , x n ) for n = , , . . . . Applying (.), we have
Moreover, we obtain
which yields
From (.) and (.), we get
by Lemma .(). Thus, we have by (.)
where
with h ≤ hb <  by (.). Inductively, for all n ∈ N, we have
. Let n, m ∈ N with m > n, by using Definition . and (.)-(.), we have
Hence {x n } is a Cauchy sequence in X. Similarly, we can prove that {y n } is also a Cauchy sequence in X. Since (X, A, d b ) is complete, we see that {x n } and {y n } converge to some u ∈ X and v ∈ X, respectively. In the following, we will show that T(u, v) = u and T(v, u) = v. By (.), we get
the coupled fixed point is unique. Moreover, we will prove the uniqueness of fixed points of T. By (.), we have
which yields u = v. This completes the proof. 
where a  , a  ∈ A + with ( a  + a  ) b < . Then T has a unique coupled fixed point in X. Moreover, T has a unique fixed point.
Proof Since a  , a  ∈ A + , we see that
Similar to the proof of Theorem ., we construct {x n } and {y n } such that x n+ = T(x n , y n ) and y n+ = T(y n , x n ). By (.), we obtain
Inductively, for all n ∈ N, we have
And k ≤ bk <  by Lemma .(). Let n, m ∈ N with m > n, by using Definition ., (.), and (.), we have
Hence {x n } is a Cauchy sequence. Similarly, we can prove that {y n } is also a Cauchy sequence. Since (X, A, d b ) is complete, there are u, v ∈ X such that x n → u and y n → v as n → ∞. In the following, we will show that T(u, v) = u and T(v, u) = v. From (.), we get
which implies that 
Application
As an application of coupled fixed point theorems on complete C * -algebra-valued b-metric spaces, we prove here the existence and uniqueness of a solution for a Fredholm nonlinear integral equation. Let E be a Lebesgue-measurable set with m(E) < ∞ and X = L ∞ (E) denote the class of essentially bounded measurable functions on E. Consider the Hilbert space L  (E). Let the set of all bounded linear operators on L  (E) be denoted by B(L  (E)). Obviously, B(L  (E)) is a C * -algebra with usual operator norm.
Let K  , K  : E × E → R, assume that there exist two continuous functions f , g : E × E → R and a constant α ∈ (,
